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Table 1 Experimental rolling moment coefficient

Configuration Rolling moment coefficient,
A
B
C

4.0 X 10~6

6.7 X lO-6

5.3 X 10~6

fins, thus acting to oppose the driving forces. The situation
was corrected by sweeping the fin trailing edges 30°.

During the tests the cone base pressure was measured inside
the model to help insure that there were no significant inter-
ference effects and that the flow was expanding in a normal
manner around the cone-base corner. The ratio of the model
base pressure to the tunnel test-section ambient pressure was
about 0.20, and comparisons of the measured base-pressure
coefficient with other sources of data indicate that the flow in
the recirculation zone was not abnormal.10

Flight Dynamics

The conditions that produce roll resonance during ballistic
flight are functions of the trajectory parameters and of the
mass and aerodynamic properties of the vehicle. The cri-
terion for the occurrence of steady roll resonance in circular
motion with small angle of attack derived by Vaughn7 is

(2Iyu*/Ix)(CNeA/xc.p.)u*(q^/qm)(d - at)yQ > 1 (1)

where yQ is the lateral displacement of the roll axis from the
center of mass, and at is the out-of-plane aerodynamic trim
angle. If Eq. (1) is satisfied, then roll control is necessary, and
the magnitude of the required control moment may be esti-
mated by including the rolling moment in the original equa-
tion of motion and rederiving the aforementioned criterion.
The final result is

\Ci\.> \CNe(0- at)(y0/d) -
(I, /I,"*) (CN0xc.p./S) 2) (2d- (2)

where Ci is the dimensionless control moment coefficient.
The first term on the right-hand side of the equation is the
moment coefficient due to configurational asymmetry, and
the other term is due to aerodynamic, inertia, and trajectory
effects. The experimental rolling-moment coefficients for the
three impeller configurations are shown in Table 1.

Although the maximum possible rolling moment has not
been determined in the tests discussed here, an indication of
the amount of configurational asymmetry that can be con-
trolled by an optimized impeller design may be obtained by
considering the capability of the existing impeller configura-
tions at zero angle of attack. For that purpose it is sufficient
to consider only the first term in Eq. (2). By way of example,
for a 10° half-angle cone with an 0.1° trim angle in Newtonian
flow, the maximum out-of-plane, center-of-mass displacement
that can be tolerated for configuration B is yQ/d = (6.7 X 10 ~6)
(57.3)/(1.96 X 0.1) == 2.0 X 10~3, or 0.048-in. for a 1-ft-
radius cone. The inclusion of the remaining term in Eq. (2)
will normally increase the permissible configuration asym-
metry. However, this increase is not significant for conven-
tional re-entry vehicles unless the trajectory is particularly
steep or the dynamic pressure is small. By examining Eq. (2),
it may be seen that vehicles with larger configurational asym-
metries, and vehicles that are smaller in size, require propor-
tionally larger control moments; further, for 6 > at, an in-
crease in the total angle of attack necessitates a larger control
moment.

The characteristics of existing ablation materials and cur-
rent manufacturing techniques may not be sufficient to main-
tain the required configurational asymmetry for the assumed
vehicle if the ballistic factor is large. Therefore, in practice,
either an improved impeller design to provide more control
torque or a larger vehicle may be required.
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Mission Analysis Models for
Power-Limited Systems

ROBERT V. RAGSAC*
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IN constructing some mission models for power-limited
interplanetary spacecraft systems, the levels of reality em-

ployed in characterizing the vehicle system's constituent
subsystems and operational constraints are important. This
Note discusses some systems analysis models for the purpose
of evaluating flight concepts, propulsion mixes and power sys-
tem performance.

One major guideline was to construct a separate model for
each flight mode (not mission); i.e., single-stage operation or
mixed-thrust operation, both for a) a given range of power-
plant specific mass aw, b) a given aw and powerplant mass
mw, and c) given mw, aw, and spacecraft gross mass mQ.
This approach was employed to gain experience in the synthe-
sis and use of the models and to apply this insight for the de-
velopment of slightly more general models which allow added
refinement and sophistication. The system characterization
is a set of equations which describe the net spacecraft mass
fraction p,L, or mass mL, in terms of the high- and low-thrust
propulsion parameters, the trajectory requirements and flight
mode. For example, for a single-stage electric propulsion
system operating through three gravitational fields,

aw (Ji Jc)
fJLW r- (1)
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Fig. 1 Schematic of developed mis-
sion analysis model.
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where JD, JH, and Jc are the low-thrust trajectory require-
ments for earth departure spiral, heliocentric transfer, and
planetary capture spiral, respectively, rj is the thruster ef-
ficiency, and MIF is the powerplant fraction. If this flight
mode were to include a high-thrust system which operates
after a departure spiral but before the start of the heliocentric
phase, then

MA
+ TcY1 1- 1 — V<WH

(2)

where 72 = awJ/2 and the subscripts D, H, and C indicate
the low-thrust trajectory requirements for the departure
spiral, heliocentric transfer and capture spiral, respectively,
IJLWH is the powerplant fraction at the initiation of the helio-
centric phase, and MA is the payload to gross mass fraction of
the high-thrust stage.

The low-thrust propulsion system parameters enter into
the formulation through aw and 77, the latter being some func-
tion of the exhaust velocity C (or specific impulse I8P). Note
that the masses of the thrusters, propellant tanks and tie-in
structure are not accounted for; i.e., the level of detail in the
system description is restricted to preliminary evaluations.
Nevertheless, the description of the flight mode is fairly de-
tailed in terms of the trajectory data.

The high-thrust system is represented by MA, which is a
simplification of the stage masses;

MA = (1 — Mfc/3)/(l — ft)ph (3)

where M/> = exp(AF//sP0), ft is the step inert mass fraction
(constant), AF is the impulsive velocity requirement.

The computer program for the low-thrust heliocentric tra-
jectory model1 solves the variational equations for maximizing
the net mass fraction in a fixed-time, constant-power, con-
stant-exhaust-velocity, power-limited, three-dimensional he-
liocentric trajectory. For the purposes of the system model
only, JH and heliocentric powered time are utilized as a func-
tion of time for either flyby or capture. Since high-thrust
operation at departure is assumed, JH must also be given as a
function of hyperbolic excess speed Vm, at the initial boundary
of the heliocentric trajectory. The planetocentric spirals
(elliptic for departure and circular spiral for capture) are com-
puted from straightforward equations.2 The optimization
problem, in general, is to determine the time for each trajec-
tory phase, Fee, Vw, and the radius n, for applying the high
thrust, all of which maximize ML. A numerical direct search
procedure was used.3
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It was found expedient to precompute all of the heliocentric
low-thrust data as a function of trip time T and Fa, for both
planetary flyby and rendezvous missions for two reasons: 1)
the trajectory model,1 although computationally fast in rela-
tion to other equivalent programs, is not suited to being
directly coupled to and controlled by the search procedure,
which requires a solution from the trajectory program at each
trial step; and 2) convergence to some trajectories, for
example those with very short transfer times, cannot be
achieved without special iterative starting techniques.
Therefore, the precomputed trajectory data were thus handled
either by curve fitting (errors were <1%) the various func-
tions or by storing the data tables and employing a nonlinear
interpolation technique. A sampling of the heliocentric and
planetocentric trajectory data as used in a simplified single-
stage, low-thrust system analysis model is presented in Ref. 2.

The preferred arrangement would be to develop a program
that provides a complete solution of a mixed-thrust trajectory
in much less than a second of machine time. A step in this
direction was achieved by Johnson for variable thrust trajec-
tories.4 Other than computational speed, probably the next
major goal of trajectory model development should be the
computation of the over-all, composite low-thrust trajectory
which includes the position and velocity transition effects be-
tween gravitational fields. This type of trajectory program
could be used to verify or improve current approximation
techniques (e.g., see Refs. 5 and 6).

The vehicle system was characterized in nondimensional
form in order to 1) obtain preliminary information on a broad
range of flight modes and missions, and 2) to pick those ap-
parent favorable applications for a more detailed system
study. The first step requires simplifying assumptions for
defining JJLL and characterizing the high thrust stage. Equa-
tions (1) and (2) are based on the simplest definition for net
mass fraction; namely, the difference between the terminal
mass fraction and powerplant fraction. This preliminary
level of system detail ignores the mass of the thrusters, pro-
pellant tanks, and tie-in structure. These masses could be
accounted for by redefining the powerplant mass to include
estimates for the additional masses.

The high-thrust stage mass effects were cast into nondimen-
sional form by using ft to represent the ratio of the step inert
mass to the inert mass plus propellants. It is assumed that
ft is essentially constant, Eq. (3), regardless of the velocity
increment the high-thrust stage is to produce. Actually ft
depends on the propellant mass.

Because most models developed have as their initial objec-
tive the preliminary evaluation of system concepts and mis-
sions, the mixed-thrust system model should use a rather
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Fig. 2 Sample results from mission model of Fig. 1.

simple definition of JJLL but should account in fair detail for the
dynamic aspects of the flight. Changes in the flight profile,
e.g., terminal parking orbit radius, location and magnitude of
the high-thrust impulse, type of low-thrust departure spiral,
etc., usually have greater effects on the performance than
variations in the mass breakdown of the spacecraft.

What Elements of Reality?

The level of reality or detail that one builds into a mission
model is guided largely by the intended use of the results.
In practice, efforts to refine a model so it realistically portrays
the performance of the vehicle system as it executes an
"actual" trajectory are directed toward three broad ele-
ments: 1) the description of the vehicle's subsystems, 2)
the characterization of the flight profile, and 3) the operational
constraints on the vehicle.

The net mass of the vehicle becomes closer to useful pay-
load when it is redefined as the terminal mass less the mass
of the powerplant, thrusters, tanks, and structure of the low-
thrust system. The tanks may be accounted for by defining
p as the ratio of the propellant mass to the mass of the pro-
pellant plus tank, and the tie-in and miscellaneous structure
may be considered as a fraction a of the total inert mass of
the electric propulsion system. The thruster mass depends,
generally, on the input power and jet velocity it produces; a
thruster specific mass O.F, usually considered as a function of
ISp, may be defined as the ratio of thruster mass to input
power. Hence, for a single-stage electric system only, the
net mass fraction (now more nearly useful payload) is

fJiL = 1 -

— V-w (4)

Now the optimization must account for the dependence of
thruster efficiency and specific mass on Isp. Note that the
thruster characterization does not represent any particular
thruster in terms of power and thrust level, although it does
represent a given type of design. The optimization approach
would be quite different if a particular thruster, complete
with mass, power, and thrust level, was given.

If more detail is desired in modeling the high-thrust system,
it practically becomes necessary to abandon the nondimen-
sional approach of Eq. (3), since ft depends on the mass of the
high-thrust propellant and minimum inert mass requires
optimizing the impulsive thrust-to-mass ratio. The approxi-
mation in Eq. (3), however, has been found to be reasonable.

An accurate characterization of the flight profile usually
centers on accounting for n-body effects. Based on the back-
ground accumulated so far it appears that accurate, simplified
approximation techniques are most useful mainly because of

the machine time. The results of n-body studies would be
useful either for producing information for analytical curve
fits or for verifying and updating present analytical approxi-
mations. At present, it appears unreasonable to integrate
directly a sophisticated, physically exact trajectory model into
a mission model, if the study objectives are mission planning
and systems evaluation.

The last broad element into which realistic performance
may be injected is the actual statement of the vehicle's operat-
ing constraints or limitations. Vehicle operation is inter-
preted to consist of three cases: 1) operation with a "free"
powerplant, i.e., specified only by aw, 2) given mw and power
output, and 3) condition 2 along with fixed mQ. Hardware
performance includes three cases: 1) the thruster is specified
only through the dependence of ij and OLF on Isp, 2) the thruster
mass, input power, and thrust level are given, and 3) a specific
type of high-thrust stage is to be used. These classifications
point out the fact that in a mission performed by an electri-
cally-propelled vehicle, most, if not all, of the subsystems will
have fixed operating characteristics not necessarily optimum
in relation to the entire vehicle and mission. A model should
reflect such system realities to allow the analysis of systems
"off the shelf" or projected for the mission time period. This
flexibility influences not only the characterixation of IJLL but
also the variables remaining for optimization. As an example,
if the powerplant mass and power output were fixed, then in-
stead of Eq. (2) the equation to be maximized is

y± = fJL (mw

mw LMA \m0

. i Tc "!"1 _
J (5)

where, in effect, ra0 becomes a search variable. If m0 were
also specified, e.g., by a given surface launch booster, then
MW/THQ is treated as a constant.

An important member of the model which actually cannot
be classified with either the system characterization or the
trajectory model is the approximation required to uncouple
the dependence of the trajectory steering program on the
vehicle system parameters. This approximation is based on
the observation that given any reference fixed-time, constant-
thrust trajectory over which J has been minimized, a recalcu-
lation of the identical trajectory using any other values for
IJLW and aw will yield practically the same / and average thrust
acceleration.7 A relationship is therefore derived between C
and IJLWH which must be satisfied at each search step in the
optimization procedure,

aawC = 2rjfjLWH +
/

aawC = 2rnJLWH ( 1 +
\

2 AM
2 \i/2
— GM

(6)

where AM and GM are the arithmetic mean and geometric
mean definitions for average thrust acceleration a;

_ = GM

where a0 and ai are the initial and final thrust accelerations,
respectively, of the reference heliocentric trajectory. Equa-
tion (6) states that at each IJLWH, and trip time, the best ex-
haust velocity to use is that which maximizes IJLL on the
heliocentric portion of the entire flight. Equation (6) is
convenient for mission analysis and is advantageous in de-
veloping the corresponding model. However, it is strictly an
approximation and does not precisely reproduce the actual
trajectory J, especially at very low IJLWH- The development
of more accurate approximation methods is highly desirable.

A schematic of the mission analysis model is shown in Fig.
1. After flight, mission, and system options are chosen, the
total mission duration T is selected and IJLL is maximized for
each value of aw. The constraints are: C(IJLWH), which rep-



OCTOBER 1969 ENGINEERING NOTES 1199

resents Eq. (6) or its equivalent; rj(C); and aw, maxy an equa-
tion which estimates, at each solution, the value of aw which
will produce zero net mass fraction. The search variables
are generally IJLW, TH (heliocentric trip time), TD (departure
trip time), Vmj and r\ (radius of impulsive thrust application).
Figure 2 presents a typical set of results.

Some General Considerations

As experienced here, the following items have major ef-
fects on the structure and formulation of the model: 1) pur-
pose of the model, 2) level of detail required, 3) number of
flight profiles and system variations, 4) the submodels avail-
able, and 5) the choice of optimization techniques.

Generally, it is advantageous in terms of machine time and
convergence to employ approximations for the trajectory re-
quirements in the different flight modes. Further, approxi-
mation techniques for representing the interrelationship be-
tween the trajectory and the vehicle are useful in permitting
separate and distinct subroutines for each.

If the numerical procedure or, in fact, the solution of any
set of equations within the model requires an iterative pro-
cedure with input starting guesses, it is most efficient to
specify a system parameter (e.g., aw) as the principle variable
for a given set of system and flight conditions. In this way
starting solutions for both search variables and other param-
eters are generated internally, and information will be avail-
able for various oVs should the particular desired aw (or
some lower value) encounter nonconvergence or yield un-
acceptable net mass fractions.

A task which merits intensive analysis is the inclusion of a
probabilistic characterization of the electric propulsion sys-
tem7 s probable degradation with time due to component
failure. Computer programs are needed for optimizing
heliocentric, power-limited, constant-thrust trajectories with
power output varying, preferably, as a function of both time
and position. Reference 8 includes an initial attempt at in-
troducing power system reliability aspects into mission studies.

A compilation of the known low-thrust system and flight
mode concepts should be made in order to develop a common
basis of comparison for the many studies and mission models
yet to come.
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Dimensionless Products of
Parachute Inflation

KENNETH E. FRENCH*
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Nomenclature
Do = parachute constructed diameter, m or ft
Fo = parachute opening shock, N or Ib
fi — symbol denoting functional relationship (i = 1,2)
g = acceleration of gravity, m/sec2 or ft/sec2

M — total system mass, kg or slug
qs = dynamic pressure at time of full line stretch, N/m2 or

lb/ft2

So = parachute reference drag area, m2 or ft2 (= i^A)2)
tf = parachute inflation time, sec
vs = system velocity at time of full line stretch, m/sec or ft/sec
6 — average flight-path angle during inflation, deg or rad
p = atmosphere mass density, kg/m3 or slug/ft3

Introduction

AS noted previously,1-2 dimensional considerations indi-
-£*- cate that incompressible-flow parachute inflation may
be characterized by the dimensionless products

gDQ sin0As
2)] (1)

and

vjtf/D0 = (gD0 sin0>s
2)] (2)

In Eqs. (1) and (2), F0 and tf are the variables of interest.
Methods or formulas are available for the calculation of tf
for some types of parachute. These methods encompass
the " infinite mass" case,3-4 in which system velocity remains
constant during inflation, and certain ranges of test condi-
tions.5 Methods are also available for calculation of FQ) but
are rather cumbersome to apply. None of the available
methods indicate the tolerances to be expected in the calcu-
lated variable under actual flight test conditions.

Equations (1) and (2) suggest that an appreciation of the
dispersion to be encountered in the parachute inflation pro-
cess could be obtained by plotting FQ/qsSQ vs vstf/Do from test
data. Such a plot would also provide a useful cross-check
on (or short-cut to) methods that calculate FQ based on an
initial calculation of t f .
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